ONLINE APPENDIX FOR “DISENTANGLING MORAL HAZARD
AND ADVERSE SELECTION”
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1 Existence in the Relaxed Pure Adverse Selection Problem

To show existence, we will need the assumption that, for each 6, C (+,-,0) is strictly convex. For
the canonical setting without moral hazard, C(a, uo,#) = ¢(ug + ¢(a,8)), where ¢ = =1, and so
this is immediate. The situation is more complicated in the decoupling program where C=cC
comes from the cost minimization step of the pure moral hazard problem. Although primitives for
C convex in a are known (see Jewitt, Kadan, and Swinkels (2008) and Chade and Swinkels (2020)
(C9)), ensuring convexity in (a,ug) is harder. For the square-root utility case, one can show that
all the assumptions are satisfied. Moreover, checking the convexity of a numerically generated C'
for any given set of primitives is straightforward. Finally, we have the following result, showing

convexity on the relevant range as long as u is large enough.

Lemma 8 Let F € C*, let Assumption 6 hold, and let @ < oo. Then for all @ sufficiently large,
C(-,-,0) is strictly convex for each 6 and for all (a,up) with ug > u.

Proof As in Lemma 6, Cy, and C,,, are positive for ug sufficiently large. It remains only to

show that for ug sufficiently large, the determinant CpqChpuy — (C’WO)2 is strictly positive. But,
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which converges to cqq > 0, using that ¢” /¢’ — 0 by Assumption 6. O

We are now ready to prove our existence and uniqueness result. Per Assumption 3, we will

proceed with B linear with slope 81 > 0. This is purely for convenience.

Proposition 2 Let C be C2, let C’(, -, 0) be strictly convez, let C’a(O,uo, 0) =0, and assume that
there is € > 0 such that C’a(d, ug, 0) > 51 + ¢ for all (up,8). Let uw be in the interior of the range

of u. Then a solution to the relaxed pure adverse selection problem

7
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exists and is unique.



Proof Recall from Footnote 16 that the Hamiltonian of the problem is H = (B — C)h— nce, where
17 < 0, and where strict concavity of H follows since (i) Hqq < 0 since Bgg = 0, ¢aep < 0, and
Caa > 0 (i1) Huguy < 0since Cuguy > 0; and (ii1) HaaHuguo — H2y, > 0 since CaqCuguy —C2,, > 0.

Given the boundary conditions on C,, the optimality conditions are d#/da = 0, 7/(0) =

—9H/0S, and n(#) = 0, from which we obtain

0
Bo—Cp=-2 [ ¢.h, (11)
hJo
plus ICg. The concavity of H ensures that (11) plus ICyg are also sufficient. As a result, we will
focus on them in our search for a solution («, S) to the problem.

Define a*(s, z,0) as the solution in a to

B,(a) — éa(a, s,0) =

(12)

where a* exists from the boundary conditions on C., and is unique from the strict convexity of C,
the convexity of —cp in a, and By, = 0. We will then be done if we find a solution to the system

of ordinary differential equations

S'(0)
Z'(0)

_ [ 95(5(0),2(0).0) ]
§7(5(6), 2(0),6) |

with boundary conditions S(f) = @ and Z(#) = 0, where

—co(a”(5(0), Z(0).9).) ] |
~Cug(a”(5(6), Z(6).0), 5(6), 0)1(0)

Indeed if we take a(f) = a*(S(0),Z(0),0) then Z(0) = feé Cuo(a(t), S(t),t)h(t)dt. Hence, by
definition of a* and comparing (11) and (12), («, S) satisfies the relevant conditions.

Define upmax = @ + (0 — 6) MaX , g)e(0.a]x
S(0) could be if S(f) = u. Similarly, let

0 g](—c(;(a, 6)). This is an upper bound on how high

Zmax = (0 — 0) max (Cuy(a,s,0)h (6))

7 (a,8,0)€[0,a] X [T, umax] X [0,0]

be an upper bound on how large Z(#) can be if Z(#) = 0. Choose § € [0,¢) such that @ — §
remains in the interior of the range of u, and let R = [U, Umax] X [0, 2max] and Rs = [U — 0, Umax +
8] X [0, Zmax + 6], and define Ry /5 similarly. Then a* is Lipschitz on R x [0, 6], and hence so are
¢° and ¢%.

Let ¢ : R? — [0, 1] be a Lipschitz function such that ((s,2) = 1if (s,z) € R and ((s, 2) = 0 if



(s,2) & Rs/o. Write (g® for the function that is ((s, 2)g” (s, z,6) on Rs, and zero otherwise, and
similarly for CgZ. Then ((g°, (g%) is Lipschitz on R%2x [0, ]. Thus, (see, for example, Theorems 2.3
and 2.6 in Khalil (1992)), there exist continuous functions S and Z such that (S (ug,-), Z (ug,-))
solves the system subject to terminal utility uz. That is, S and Z map R x [0, 0] into R such that
S'(Ug,é?_) = ug, Z(@, 6) =0, and

(ug, 0) ] _ [ () (S(ug,0), Z(ug, 0),6
Ug U,

Se
Zs(

Note that S(umaX,Q) > 7 since Sy < g° = —cp, and by the definition of umay. Similarly, S’(ﬁ, 0) <
w since 5’9 > 0. Hence, by continuity, there exists a terminal utility u* € [u, umax] such that the
initial utility S(u*,8) is equal to @. But then, since Sy > 0, S (u*,0) € [, Umax] for all 6 € [0, 6].
Similarly, since Zy < 0, and using the definition of zmax, we have Z (u*,0) € [0, zmax] for all
0 € [0,6]. Thus, (S(u*,0),Z(u*,0)) € R for all § € [0,60], and so since ¢ = 1 on R, the pair
(S(-), Z(-)) = (S(u*,-), Z(u*,-)) satisfies the required conditions.

To see uniqueness, let (al, S 1) and (az, 52) be optimal and differ on a positive measure set.
Consider & = (al + az) /2, and note that since c4q9 < 0, —cp (&, 0) < (—09 (al, 0) —cy (aQ, 9)) /2.
Hence, S = 4 — f: co (& (7),7)dr < (1/2) (S' + S?). But then, because B — C'is strictly concave
in a and ug, and &ecreasing in ug, (&, S) is strictly more profitable than either (ozl, S’l) or (aQ, SQ),

a contradiction. O
Lemma 9 Under the conditions of Proposition 2, « is continuously differentiable.

Proof For each 6, « is defined by n(a(#),0) + z(0) = 0, where

n(a,0) = Mh <0 and z(0) = /0 Cugh > 0.
Caf 0

Consider any point (a, ) with 6 < 0, where 7(a, ) + 2(0) = 0. Then, since c,9 < 0, B, — C, >0,
and since B, — C’a is strictly decreasing in a using C’aa > 0 and cqq9 < 0, it follows that n, > 0.
And since 7 and z are continuous in 6, it follows that « is continuous in 6.

The fact that « is continuous implies that S (6) = u — fge co(a(s), s)ds is continuously dif-
ferentiable. Hence, z is continuously differentiable, since the}ntegrand Cuo (a(0), S (0),0)h (6)
is continuous. But, 1 is continuously differentiable as well, and so, as n, > 0, « is continuously

differentiable by the Implicit Function Theorem. ([l

2 Other Omitted Proofs for Section III

Proposition 3 Consider the pure adverse selection case in which é(a, uo, 0) = @(up + ¢(a,h)).

Assume that caepe and cqgeo exist. If h is log-concave and —cqg is log-convez in 6, then o/ > 0.



Proof Note that the numerator of OC’ in Section A.A3 rearranges to

Cabo + B + (Caeéuo + Oa& - Cﬁéauo> CA'uoh < 0.

cap D catCly e
We have C, = ¢/c, and C’uo = ¢/, and hence Cypy = ¢"cpcq + ¢'cap, and C’auo = ¢"c,. From this,
the term in parenthesis equals 2, and thus o/ > 0 for any given 6 if and only if for all 6,
/ /
capp B 2¢'h

z(0) = + -+ —=
() Cab h f;gplh

> 0. (13)

Note that z(6) > 0, since the first two terms are bounded while the last term diverges as 6 goes
to 6. Hence, by continuity, there is a smallest type 6y € [0, 0) such that z(6) > 0 for all § > 6.
We wish to show that 6y = 6. Towards a contradiction, assume that 6y > 0. Then z(6y) = 0, and
Z'(00) > 0 (since z(6) > 0 for all 6 > 6p). We will show that these two properties cannot hold
simultaneously under the stated assumptions on h and c,g, yielding the desired contradiction.

Assume that z(6p) = 0 and consider z'(6p). The second term in (13) is decreasing in 6 since

h is log-concave. Note next that

( Cabl ) B < 0 Capp > ;0 Capg
= e 6% + - ,
—cap ) g da —cgp 00 —cqp

where we recall that (-)g is the total derivative with respect to §. When we evaluate this expression

at @ = 6, the first term vanishes since o/(6y) = 0, and the second term is negative since —cgp 1s
log-convex in #. Hence, a necessary condition for 2/(6y) > 0 is that <<p’ h/ f; 74 h>9 is positive at
0 = 6y, which holds if and only if

0 0
go”cao/h/ sO/h_’_splhl/ SO/h_'_()O/QhQ 2 O
o

0o

when evaluated at 6 = 6. Since the first term vanishes at 6, we obtain ¢’'h/ f;; O'h+ @?h? >0,

which holds if and only if
n 'h
T+ 7L >0
feo ¢'h

But this implies that

c n 2¢'h
abb + ﬁ + ;0
Cab f90 splh

2(90) = — > O,

contradicting that z (6y) = 0. Hence, z(6p) = 0 and 2’(6p) > 0 cannot hold simultaneously. O

We now provide sufficient conditions for p, > 0 and A, > 0, which pin down the sign of Cy,,



and Cgp. Let p = (¢')~! map 1/u/ into u.

Lemma 10 Let FOP hold and let Il < 0. Then, u, > 0. If in addition f is log-concave in a
and p is concave, then A\, > 0, Cgyy > 0, and Cyy < 0.

Proof From the first-order condition of the cost-minimization problem plus the binding partici-

pation and incentive constraints, we obtain the following system of equations in A and pu:

[ o+ (el falayde = e(a,6) +

[ o+ el fulzla)do = cala,6).

Differentiating this system and manipulating (see CS for details),

Ao = —ua/zg - u/zag and  pq = varlg(l) (ffl)’f <caa - /pfaa> - ucovg(la,l)> ., (14)

where ¢ is the density with kernel p/ (A + ul (-|a(0))) f (:]a(0)) To see that p, > 0, note that
Caa — | pfaa = 0 by FOP, while cove(ly,l) < 0 under the assumption l,; < 0. Turning to A4,
notice that [ =5 [1p'f = [ pfa, where we recall that =, indicates that the objects on either
side have strictly the same sign. Now, [ p’f, is negative by Lemma 12, since f, single-crosses zero
from below, [ fo =0, and p is positive and decreasing in x. Since i, > 0, it follows that A, > 0
if [146 =5 [lap'f < 0. But this holds since f is log-concave in a, which is equivalent to I, < 0.
Recall from the proof of Lemma 3 that Cpyyy, = Aq and Cyyg = A\gCo + ACap + HaCap + HCaap-
Thus, Cgy, > 0 since A, > 0, and, given that ¢y and ¢,y are negative, Cyp < 0 since both A\, and

L are positive. [l

3 Omitted Proofs for Section V

Here, we generalize Theorem 1 to the case that « is not continuously differentiable. Such « may
arise when C has less structure than we have imposed thus far, or for example, if the principal is

constrained in how many contracts she can offer.

Theorem 4 Let (a,v) satisfy ICy g and ICg, let « satisfy IMC, and assume that for each 6,
Jv(z,0)f(x|)dz is concave. Then, (a,v) is feasible in P.

Proof We proceed in several steps. Denote by = the generalized inverse of « (recall that o can

jump up a countable number of times).

STEP 1. By ICg, IR holds.



STEP 2. From Lemma 2, it suffices to show that every deviation (64,a) ¢ G is dominated by
some on-graph deviation. We focus on deviations with @ > «(64) (the other case is similar).
Let the agent’s true type be 0p. If 7 < 64, then

/v(m,@A)f(a:|&)dx - /v(w, 04)f(x|a(04))dx < c(a,04) —c(a(fa),04) < c(a,0r) —c(a(b4),6r),

where the first inequality follows from the first-order condition IC)sp, from concavity of [vf
in a, and from @ > «(f4), and the second since ¢ is submodular. But then, (04,a(04)) € G

dominates (04, a).

STEP 3. If for any given 6, @ > a(f) and 84 < 6, then (A4, a(#)) dominates (64, a) for type 8. To

see this, consider any action a € [a(f), @]. Then

/v(m,@A)fa(:da)da: < /v(m,@A)fa(a:]a(QA))daz = ca(a(04),04) < ca((0),0) < cala,b),

where the first inequality follows from concavity of [ v f in a, the equality follows by IC/fr, the sec-
ond inequality follows by IMC, and the third by convexity of ¢ in a. Hence, [ v(z,04)fq(z|a)dz —
ca(a,8) <0 for any a € [a(f),d], and so (64, a(f)) dominates (A4,4a) for type 6.

From Step 2, and from Step 3 applied to 8 = 67, we can restrict attention to deviations (04,a)
with 04 <67 and a € (a(04),a(f7)].

STEP 4. Let (04,a) be such that @ > «(84) and (y(a),a) € G, that is, a = a(v(a)). We will show
that

/wmwmﬁumezjﬁuﬁMﬂﬂwm (15)

and hence, subtracting c(a, f7) from each side, (64, a) is dominated for 67 by (v (a),a) € G.
Subtract [v(x,04)f(x|a(0a))dz from each side of (15), and then use that [vf = S+ ¢ to

arrive at the equivalent expression

S(v(a))+e (@, (@)= (S(y (e (0a)))+e(a(ba), v («(04))) = /v(%HA)f(w\&)dw—/v(wﬁA)f(xa(9,4))dx,

where in the second term on the lhs, we used that 4 = v (a (64)). Now, by Corollary 1, the lhs
is increasing, and so, by Kolmogorov and Fomin (1970), Chapter 9, Section 33, Theorem 1, it is

at least

A& <§J5Ww»+cmmw»0d%

(04)

while by the Fundamental Theorem of Calculus, the rhs is equal to

/o:;A) <§; </v(x,9,4)f(w|a)d$>> da = /O:;A) </U($,9A)fa(x|a)dx> da,
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Figure 9: IMC'. Under IMC, a deviation by 8; — e to q; is dominated by one to g2, which in turn
is dominated by g3, which, from the point of view of 8; — € is nearly as good as ¢4. But then,
from the point of view of 67, who has a lower incremental cost of effort, the (on-locus) point g4
also nearly dominates ¢q1, and telling the truth and taking the recommended action is better yet.

and so it suffices that for all a € [«(64),a] at which S(y(a)) + ¢ (a,v(a)) is differentiable,

S (86(@) + e(ar@) = [ o0 fulsla)da

But, at points of differentiability,

0

5 (S((@) +c(a(a) = (S'(v(a) + e (a,7(a))) 7/(a) + ca (a,7(a))
= Cq (a,’y(a))
> ca(a(fa),04),
where the second equality follows since S’ = —cg on G and since v/ = 0 where « jumps. To

see the inequality, note that since a > «(fy), it follows that y(a) > 04. Thus, if (y(a),a) € G
then cq(a,v(a)) > cq(a(04),04) by IMC. Otherwise, for all 6 € [04,7v(a)) U {04}, ca(a,0) >
co(a(0),0) > cq(a(f4),04), where the first inequality is by convexity of ¢ in a, noting that
0 < 7(a) implies a(f) < a, and the second inequality is by IMC. But then, taking 6 1 v(a),
cola,y(a)) > cq(a(04),04) as claimed.

STEP 5. Let (04,a) be such that a > a(f4) and a # «(y(a)). Then « jumps at ;7 = y(a) from
a; to ap with @ within the jump. And, recalling a € (a(04),a(67)], 07 > ;. See Figure 9.



For any € € (0,05 — 64), note that
/U(m, 0.4)f(2]a)dz — c(, 0, — &) < /v(:c, 0.4)f(@la(0y — &))dz — c(al(y — ), 0, — &)
by Step 3. That is, type 7 — € prefers to move from ¢; to ¢s in Figure 9. But, by Step 4,

/v(:c, 04)f(z|a(05 —€))dx — c(a(05 — €),05 — €)

< [ v(x,05—¢)f(x|la(0; —€))dx — c(a(f05 —€),05 —€)

corresponding to the move by 07 — € from ¢y to g3. Finally, by imitating type 6; + ¢ (that is to

say, at q4), 07 — € obtains
SO;+e)+c(a@r+e),05+¢e)—cla(@s+e),0;—¢).

But, since S is continuous, and since « (65 + ¢) is increasing and so has a well-defined and finite

limit as € | 0, it follows that for any given § > 0, and for ¢ small enough,
SOr—e)<d+SO;+¢c)+c(a(@r+e),05+¢)—cla(@y+e),05—¢),
which is to say that 6; — ¢ is hurt by at most § by moving from ¢3 to q4. Combining, we have
/v(x,@A)f(x|d)d:c—c(d,0J —€)<0+S50y+e)+c(a(@y+¢),05+e)—c(a(ly+e),05—¢),
and so, since ;5 — € < O, and since c is submodular,
/U(:L‘,@A)f(x|&)da:—c(d,0;p) <SSO +2) el +e),0)+e) —clalby+e),00)
<0+ S(0r),

where the second inequality uses Lemma 2. But, § > 0 was arbitrary, and so 07 prefers g5, where

he announces his true type and takes the recommended action to ¢, and we are done. (|

4 Numerical Details for Section VI

4.1 Defining primitives

First, we define all the primitives of the model: the utility function, the effort cost function,

output distribution, type distribution, principal’s benefit from the effort, a minimum payment



constraint, and a reservation utility.

Recall that p maps 1/u into utility, and ¢ o p maps 1/’ into income. Define

AeAw = [ o\t utlala)) fela)da

as the utility from income that the agent receives at the contract associated with A, u, and a, and

va(a, A 1) = / o (A + ul(z]a)) fa(z|a)dz

as the associated marginal incentive.
Let

Cula 6,010 = 1| can0,8) ~ [ o0+ pt(ala)) foa(ela)de] + [ (o0 + nt(ala)) fo(olali

Note that by the Envelope Theorem, if for given (a, s, ) one finds the associated A and p satisfying

(2) and (3), then Cy(a, s,0) = Cy(a, 8, A, ). Similarly, recall that Cy,(a,s,d) = A, where X is the

associated participation constraint multiplier.

4.2 Plan of Attack

We first solve the problem assuming there is no exclusion. In particular, we characterize the
surplus given to the highest type such that all types participate. Subsequently, we search over
multiple values of the highest type’s surplus to find the optimal exclusion threshold.

We will work with a discretization of © for tractability. Recall that in the solution to our
decoupled problem, the surplus of the agent depends on the actions being assigned to all types
below 6 but the cost of changing the effort of the agent depends on the additional cost of providing
an extra util to all types above 6. Motivated by this, in the Online Appendix, Section 1, we
work with a system of two differential equations involving the objects S(#) and Z(6) where S
corresponds to the surplus given to agent 0, corresponding to — f: co(a(t), s)ds, and Z is the
“externality” term that captures the cost of giving utility to types above 0, corresponding to the
expression feg Cuo(a(t),S(t),t)h(t)dt. The boundary condition on S is evaluated at the lowest
type, while the boundary condition on Z is evaluated at the highest type.

Our plan of attack is first to construct a numerical function that “locally” finds the relevant
values of a, A, and p for given 6 and for given values s and z of S and Z. Then, we use this
function to solve the system of differential equations. We do this by guessing a value of surplus
for the highest type. Then, we solve iteratively from top to bottom to find the surplus this implies
for all lower types, particularly for the lowest type. If the lowest type utility is not equal to the

outside option, we adjust the guess for the surplus value for the highest type and repeat.



4.3 Solving Locally

Following equation (12) in Section 1 of the Online Appendix, define
~ c
x(a,z,0,\, ) = By(a) — Cyla,0,\, pn) + ———=2. (16)

The function x represents the principal’s first-order condition for the choice of recommended effort
for type 6 given the cost of implementing the action for the type in question, and the incremental
surplus that her choice of action implies must be given to all types above. Let us first discuss how
we take any given type of agent, the surplus that they receive s, and the cost of providing utility
to higher types z and calculate what effort and associated multipliers the principal will choose.

That is, for each vector (6, s, z) we must find (A, 4, @) such that
v(a, A\, p) = c(a,0) + s,  vala, A\, u) = cq(a,B), and x(a,z,6,\, u) =0. (17)

The first equation represents the participation constraint; the second is the agent’s effort choice
first-order condition (incentive compatibility), and the third is the principal’s first-order condition
with respect to the recommended effort. In a solution to the decoupled problem, all three must
hold with equality?.

To find the solution to (17), we define the numerical function “solver.” Solver begins by using
least squares to look for the root of this non-linear system of equations.? If the least squares
approach does not find roots for the three constraints, the function solver sets A = 0 and looks for
roots of (3) and x only using (u, a). We check whether the problem is solved, assuming that (2) is
slack. We then check whether (2) is indeed slack at this solution. Finally, if this second approach
does not find the roots, the solution must be a corner effort level. We set a = 1 and find (A, )
that satisfies IC and IR. For this last step, we define the numerical function multipliers. The
function multipliers uses least squares to find (A, 1) that make (2) and (3) satisfied with equality

while holding effort at the maximum level?.

4.4 Solving the System

For numerical tractability, we discretize © with n = 101 equally spaced points. Recall that the

boundary condition regarding participation binds at the lowest type, while the externality term

!Unless the participation constraint is slack, given the minimum payment constraint. In this case, vy(a, A, p) >
¢(a,0) + s and the other two expressions on (17) hold with equality. We discuss how to deal with such a case in
more detail below.

2The numerical function solver requires initial guesses for (X, u,a). For clarity, they will be omitted in this
algorithm description.

3In case we cannot find roots for (2) and (3) simultanecously, it must be the case that effort a = 1 and the
participation constraint is slack. We then set a = 1, A = 0, and look for p that satisfies (3) with equality using a
root finding function brentq.

10



z(0) depends on the efforts of all types above it.

To address this, we construct a numerical function called “surplus” that guesses the surplus
of the highest type and iteratively calculates from top to bottom efforts, multipliers, surpluses,
and externalities {(a;, Ai, i, Si, zi)}?gol for each type 6; starting from the initial condition that z

is zero for the highest type. The algorithm of surplus follows:

1. Set $,,—1 = u* and 2,1 = 0.* Then, for i iteratively decreasing from n — 2 to 0:

2. Given s;y1, 2;+1, calculate the effort and multipliers of type 6;+1. That is, let

(@it1, Nig1s piv1) = solver(iy1, Sit1, Ziv1)- (18)

The function solver also requires initial guesses for (a, A, p),. For speed, we use the ones

calculated for the immediately higher type. For the highest type, we use an arbitrary guess.

3. Then, compute the surplus and externality of type 6;. That is, let

1
S; = Si+1 + _ 109(0,2'_,_1, 0i+1)7 (19)

and .
Zi = Zi+1 + m)\i+1h(9i+l)' (20)

4. Finally, let
((10, )‘Oa ,MO) = SOerT(QOa 50, 20)'

Equation (18) describes the effort and multipliers for type 6,11 given that he receives a surplus
of s;+1. Equation (19) computes the surplus of the type immediately below, and equation (20)
computes the additional cost of providing one extra util to all types above #;. That is, for each
surplus left to type 6,11, we use solver to find the effort, multipliers, and surplus of type 6;. We
run this set n times to arrive at so(u*). Since we are using Euler’s method, standard results imply
that the error term in this approximation versus the continuous system is of order 1/n.

Note that for each guess s,_1 = u*, the numerical function surplus outputs a vector of sur-
pluses, including the surplus of the lowest type. Recall that in the solution to the decoupled
problem, the participation of the lowest type must bind. Then, we search for the correct highest
type’s surplus guess that makes sg = u. We do so by using the pre-built Python root finding func-
tion brentq®. Finally, we find the solution to the decoupled problem by evaluating our constructed

function surplus at the correct u* that makes so(u*) = a.

4Python indexes an array from 0 to n — 1; hence n — 1 corresponds to the highest type.

5For speed, if at some point when calculating the surpluses given an initial guess for s,_1, some s; falls below
1, then we stop the code because the initial guess for the high type’s surplus s,—1 = u™ was too low, and simply
set so to something below .

11



4.5 Checking IMC

Checking IMC simply requires verifying if the marginal effort cost of each type at their respective

recommended effort is increasing in 6. That is, for each ¢ from 0 to n — 2 check whether

ca(a;,0;) < Ca(a;+1a‘9i+1)7

where o denotes the recommended efforts in the solution of the decoupled problem. If yes, then

IMC is satisfied, and the solution to the decoupled problem solves the original one.

4.6 Optimal Exclusion

Given the solution to the procedure above, we have characterized the surplus to the highest type
sp—1 that assures all types participate. Denote such surplus by §. We then create a grid (with 101
equally spaced points) with surpluses from @ to 5. Each level of such surplus, when assigned to the
highest type, generates an exclusion cutoff 0.(s). For instance, s,—; = § generates no exclusion
(i.e., s = 0), while s,—1 = u implies on excluding all types but the highest. We then evaluate
the numerical function surplus at each s in the grid and compute its associated profits. The one

that generates the highest profit is the optimal one, with the optimal associated exclusion cutoff.

4.7 Checking if C' is convex

When looking for the optimal recommended effort for each type, we rely on the first-order con-
dition regarding effort recommendation (4). For such a first-order condition to be sufficient, we
need the function C(a, s, #) to be convex in (a, s). To test whether such a condition is likely to be
satisfied, we sample many pairs (a, s) and 8’s to check if the resulting C(a, s, ) violates convexity
in (a,s) for any of the tuples sampled. If it violates, then the pure moral hazard cost is not
convex. Otherwise, if our sample is large, the function will likely be convex.

Define the numerical function multipliers, which takes (a, s, ) as given, and looks for a pair
(A, ) that makes (2) and (3) hold. The approach is similar to before (using least squares), but

now we hold a as exogenous. We compute the moral hazard cost using such multipliers and

C(a, A, p) defined by

Cla A ) = / (P + ub(]a)))  (xla)d.

Note that if for given (a, s, #) one finds the associated A and p, then C(a, s,0) = C(a, A, ).
We sample n-test random tuples of {(al,si), (ab, sb), 07}t For each i, we compute the

average of pairs (ai,s?) and (aj, s5) and the multipliers associated with each pair of effort and

12



surplus given #°. That is, let

(s 5n)

ail—i-aé sé%—sé
2 7 2

> Vi € {1,...,n-test},

and
(A;,ué) = multipliers(aé», s?,@i) Vie{l,...,n—test},je€ {1,2,m}.

Finally, we check whether convexity holds for each ¢. That is, we check if for each ¢
Clay, AL, ui) + Clah, Ay, i) = 2C (g, Ay, Hin)-
If this condition fails for any ¢, then C' is not convex. Otherwise, C' is likely to be convex. As a
practical matter, we take 500 draws.
4.8 Numerical Application Parametrized by 7 € [0, 1]

In Section VI.C, we state that one can parametrize the numerical application by 7 € [0, 1] and
capture the pure moral hazard and the pure adverse selection cases when 7 = 1 and 7 = 0,

respectively. To do so, let the agent’s income utility be u(w) = v/2w and the disutility of effort ¢

o(a,0,7) = (2 (-7 <0 - ;)) a1,

Thus 7 = 0 gives back the original disutility of effort used in Section VI.C, while 7 = 1 makes the

be given by

disutility of effort independent of type, and we obtain a pure moral hazard problem. Similarly,
parametrize the distribution of the signal in such a way that it becomes perfectly informative
about effort at 7 = 0, which reduces to a pure adverse selection problem. To do this, let f be the

density used in Section VI.C, and introduce the following density parametrized by 7:

_ (zfa)Q

fzla)e™ =
_ (s—a)2

[ f(sla)e B s

g<x‘a77—) =

This density satisfies MLRP and is degenerate at a when 7 = 0.6

5The only other change in comparison to the baseline example is setting B(a) = 100E[z|a]. The outside option
value @, and distributions f and h remain as in the baseline example.
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Figure 10: Convergence of Effort Schedule and IMC' for Different 6’s.

Figures 10 and 11 illustrate the optimal menu and verify IMC' as 7 varies. The left panel of
Figure 10 shows how the effort schedules converge to pure moral hazard at 7 = 1 (flat effort level),
and to the pure adverse selection case at 7 = (0. The right panel checks that we do not violate
IMC as the values of 7 change. In turn, Figure 11 depicts the compensation schemes for different
values of 6 as 7 varies. The scheme is flat for each type under pure adverse selection when 7 = 0,
and is increasing under pure moral hazard when 7 = 1.

Note that in Figure 10 the recommended efforts for different 7 values are not consistently
below the plotted pure moral hazard and pure adverse selection curves. One might wonder if this
contradicts the intuition that, when decoupling holds, the distortions caused by moral hazard and
adverse selection reinforce each other (see Section VI.C). It does not. In Section VI.C, we change
whether the principal can directly observe efforts and/or types while holding fixed the primitives
of the model, including ¢ and f. In the example above, however, as we vary 7, we simultaneously
affect both ¢ and f. The explanation provided in Section VI.C would apply here if we fixed 7 at
some given value but varied what the principal could directly observe.

In this numerical application, the computation uses the fact that we have closed-form solutions
for the multipliers A and p with a square root utility function. In particular, for a given (a, s, 6, 7)

we get

cala, 0,7
Ma,s,0,7)=s+c(a,0,7), and p(a,s,0,7)= TP(la (7')f(35|)a .

Hence, instead of searching for a triple of variables (a, A, pt) that satisfy three equations — as
described in Section 4 — one can look for the effort level that finds the root of (16) considering

that X\ and p are a function of effort as described above.
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Figure 11: Compensation Schemes for Different 6’s.

5 Omitted Proofs for Section VII.A

Proof of Lemma 5 Let T be any continuous distribution. By Theorem 1 in Cuadras (2002)

specialized to our setting, for any C? function ¢ of ¢,

covr(ctar) = [ ( JminGe.) - T(q)T(y))dy) C'a)da

:/(/q(T(y)—T dy+/q T(y))dy> ¢'(g)dg
/MT q)dg,

where Mr(q) = fl y)dy + T'(q )fj(l — T(y))dy, which is strictly positive on (I,1).
Thus, since varT(q) = covT(q, q),

covr(¢*,q) _ 2 [ Mr(q)qdq _ /
= m d
vare(q) [ Mr(q)dg 7(9)adq
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where mp(+) is the density given by My (-)/ [ Mp(q)dq. Since q is increasing, it is thus sufficient
for the result that mg/mg, or equivalently, M /Mg is increasing.

Now, Mp(q) =T (l—q— [T)+ [T =T(ur —q) + ;' T > 0, where pr is the expectation
of ¢ under T'. Thus, M. = t(ur — q), and so,

(3i5) = 2o (Gwe -0+ ['6) e -0 (
We thus have
Z’:(i)q(ué—q) (G(uc—q)+/ZqG>—§(G(MG—Q)-F/ZQG)+§(M@—Q)9(MG—Q)
+(G(ué—q)+/lqé>—(uc—q)g(u@—q)

_(@)q(ué—@—i) <G(“G_Q)+/ZQG>+(G’(ué—q)+/lqé>,

where we note that since §/g is continuously differentiable, so is Z.
Consider first g € (I, ug). If Z < 0, then

ghre—4a 1
G> Glue—q+ | G,
1 gpGg —4q 1

E}

=

@Q

|

=2

_|_
\N\

(=]

Q
N—

Il

N

S

and so

z' > ((i)q(ug@i) (G(ucq)+/qu>+§Zg:Z <G(Mcq)+/qu>
(oo 2z

noting that for ¢ < g, (1g —q)/(pe —q) > 1, and that g/g is increasing, and also recalling that
the eliminated term is strictly positive except at the endpoints. But then, since Z(1) = 0, Z is
everywhere positive on [, ug|. In particular, if Z(§) < 0, then let ¢ € [I, §) be such that Z(q) = 0,
and Z (q) < 0 on (q, q], where such a ¢ exists by continuity of Z. Then,

0> 2(0) - 2@) = [ 2@ da > .

where the equality follows from the Fundamental Theorem of Calculus since Z is continuously
differentiable. This is a contradiction. Similarly, Z’ < 0 everywhere on [,ué,l_), and so, since
Z(l) = 0, Z is everywhere positive on [ugs,1]. Finally, Z(q) > 0 on [ug, pg] since ps — g and
—(pG — q) are positive, with one of them strictly so. Thus, Z is everywhere positive. But then,
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Meg /Mg is increasing, and we are done. ]

Lemma 11 Let f1, and fu be strictly positive densities on [0, 1], with skewr, (x) <0 and fu/fL
increasing and concave. Let f(xla) = afy + (1 — a)fr be the linear combination of fr and fm.
Then skewp(l) <0 for all a.

Proof For each a, since Ep(l) = 0, and defining r = fr/ fL,

(g (B[ Un-f [ -1
skewp (1) —S/l f= 12 _/(afH+(1—a)fL)2d _/(ar(m)+(1—a))2fL( )dz.

Differentiation shows that the last expression is decreasing in a. Hence, it is enough that [(r —
1)3fr(x)dx < 0. But, since Ep, [r] = 1, [(r(z) — 1)3fr(x)dx =, skewp, (r). Finally, since x is
a convex increasing transformation of r, it follows from Theorem 3.1 in van Zwet (2012) that

skewp, (1) < skewp, (x), which is negative by assumption, and so we are done. O

In Footnote 28 we mentioned the two-outcome case. Since in this case C'(a,ug,0) = app +
(I —a)gy, where ¢; = ¢ (vi), i =1, h, with v, = up+c(a,8)+ (1 —a)cq(a,d) and v; = ug+c(a, d) —
acq(a, @), we obtain

Cal(a,up,0) = @n — o1 +a(l—a)caq (¥}, — ¢7) -

Thus,

Caala) = (¢4,(2 — 3a) — ¢} (1 — 3a)) Caa + a (1 — a) (Caaa (¢}, — ©1) + Cau (P4 (1 — a) + @la))
> (‘P; + ‘PIh(2 —3a) — 902 (2 - 3&)) Caa +a (1 — @) Caaa (90/h - ‘PE)
> ((P/h - 90;) (2 - 3&) Caq + @ (1 - a) Caaa ((P/h - 90;) )

and so the first inequality in Footnote 28 is sufficient for C,, > 0.
From Lemma 3 and (A5), strict IMC' is guaranteed if

(CaGCuo - CauQCG + Ca@) Caa < CaBCaa-
But, Cy, = ag), + (1 — a)«pz, and s0 Cayy = ¢}, — ¢} + a (1 — a) caq (¢, — ¢}/), and

Cap = @1 (o + (1 = a) cap) — ¢} (co — acap) + a (1 — a) caan (), — #1)
+a(1—a)caa (@) (co+ (1 — a) cap) — 97 (co — acqp)) -
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Substituting and manipulating, we want

(cae (wi + w%) +a(l—a)cacas (¢ (1 —a) + @i'a) + caap (h — w?)]) Caa
< CahCaa (Salh(l —a)+ (p;a) + cap ((1 — 2a) caa + a (1 — @) Caqa) (‘P/h - 90;)
+ capa (1 —a) ¢, (£h (1 — a) + ¢a)

or, CaaCap) + [a (1 — a) (CaaCaad — CabCaaa) + (3a — 1) CagCaal (), — ©}) < 0, and so, since @] > 0,
it is sufficient that the term in square brackets is negative, or, equivalently, the second inequality
in Footnote 28 holds.

6 Analysis for Section VIII

6.1 Linear Output Case and Necessity of IMC

We first analyze screening in the linear-output case with the addition of IMC as a constraint.
To this end, for a given interval [0, 02], let ¢(0) = 0 for 0 < 0y, ¢ fél —Cap/Caq) dT for
0 € [01,02], and ¢(0 f91 —Ca/Caq) dT for 6 > 05 (we will provide 1ntu1t10n shortly). We then

have the following theorem that presents a general optimality condition that allows for ironing.

Theorem 5 (Optimality in Linear Probability Case) Let Fp, = 0, let C(-,-,0) be conver,
and let 01 < 03 be such that IMC is slack immediately to the left of 01 and right of 62.7 Then,

/: (Bo— Cl) C;h - /Cuoqﬁh. (21)

At any point where IMC' is slack, B, — Cyq = (—cqp/h) f(f Cuoh as in OC.

Proof Consider a candidate solution, and let [f1, §2] be any interval with the property that IMC
is slack to the immediate right of , (as is automatic when s = ) and immediate left of §; (as
is automatic when 6; = ). Consider first shifting the action schedule up by an amount solving
o (G (0,€),0) = cq(a(0),0) + € on the interval [0, 63]. That is, add a constant to ¢, on this
interval. Next, if € is positive, set ¢, (& (0,¢€),0) = ¢4 (& (02,¢€),02) on an interval immediately to
the right of A so as to reestablish IMC, where this interval will disappear as € gets small, since
IMC is strictly slack to the right of 8. Similarly, if € is negative, then adjust & on an arbitrarily
small interval to the left of 6;. Set surplus to change at rate given by ¢. Since ¢ = 0 on [6, 0],
IR continues to hold. The rate of change of the profit of the principal is

25 1
/ (Ba - Ca) 7h - /Cuo¢h7
01 Caa

"These are automatic when, respectively, 8; = 6 or 02 = 0.
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and so, since the schedule is optimal, we have (21).

As a sanity check, if IMC is slack at 63, then (21) holds on a neighborhood. Take ¢ as a function
of 03, and differentiate both sides with respect to 6o, to arrive at (B, — C,) éh = [ Cuyo,h.
But, ¢g, = 0 for 6 < 03, and ¢g, is —cqp/caa evaluated at o for 6 > s, yielding OC. ]

As usual, if IMC is slack then the action is distorted strictly downwards for all but the highest
type. More generally, the (hs of (21) is proportional to a weighted expectation of B, — C,, and
the rhs is strictly positive for any 6; < 6, < 0, and so effort is again distorted down in, but now
in an expected sense. The idea behind (21) is to change actions on [0y, 03] at rate 1/c4q. This
changes ¢, by a constant, and hence maintains IMC. By inspection, surplus then changes at rate
¢ if one holds fixed surplus at #; and below. Condition (21) is that the benefit and costs of the
perturbation are in balance.?”

Note that while OC' can be viewed as a generalization of the standard intuition of a screening
problem, over regions where the problem is ironed, we are dealing with an implication that
fundamentally depends on the two problems being present simultaneously. In particular, the fact
that we need IMC' as opposed to the usual (weaker) condition that « is increasing arises precisely
because of the possibility that the agent might deviate both in his announcement and his action

from the candidate equilibrium.

6.2 A Second Sufficient Condition: Single Crossing

In this section, we derive our second sufficient condition for incentive compatibility. The following

lemma (Beesack (1957)) is central to our analysis.

Lemma 12 (Beesack’s inequality). Let g : X — R be an integrable function with domain an
interval X C R. Assume that g is never first strictly positive and then strictly negative, and that
fX g(x)dx > 0. Then, for any positive increasing function h : X — R such that gh is integrable,
Jx 9(@)h(x)dx > 0. If h is strictly increasing, and g is non-zero on some interval of positive

length, then the inequality is strict. If fX g(x)dx =0, then h need not be positive.
First let us consider the case in which there are no jumps in the action schedule.

Theorem 6 Let menu (a, S) be feasible in Pp, and for each 8, let v(-,0) = v™MH (- (), S(6),0).
Let « be continuous, let v satisfy SCC, and let FOP hold. Then («,v) is feasible in P. Thus, if
(a, S) is optimal in Pp, then the associated (o, v) solves P.

8We believe that tools similar to those in the standard ironing literature (Guesnerie and Laffont (1984)) would
allow us to further characterize where the ironed regions lay if the solution to Pp has a simple structure.

9Even over “pooling” regions where ¢, is constant, effort is strictly increasing in #, and so the optimal compen-
sation scheme, which depends on f(:|a), is changing. The only exception in the linear case is that of two outcomes,
where the compensation scheme is completely tied down by ICym and IR (or as in Castro-Pires and Moreira
(2021), by ICnp and limited liability).
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So, if Pp with its associated v yields a solution satisfying SCC, then that solution is optimal in
P. For intuition, consider a type 67 who contemplates a double deviation (04, a), where a = a(é)
for some 6 > 4 and so, as in Figure 1, we are above the graph of a. We will show that the agent is
better off, holding fixed the action at a, to increase his announcement, sliding horizontally to the
right until 0 is reached, and we are back on the graph, where 01 is better off reporting the truth.
In particular, consider any 6 < é, and, consider the effect of a small increase in the announced
type. Under SCC' this increases the agent’s income at high signals and lowers it at low signals.
On the graph, the agent is indifferent about this trade-off by IC4. But then, above the graph,

where he is working harder, and thus more likely to attain high signals, the trade-off is profitable.

Proof of Theorem 6 Let menu («, S) be feasible in Pp, and for each 6, let v(-,0) = vMH (-, a(6), S(8), 0).
By ICg, IR holds. As in the proof of Theorem 1 it suffices to show that for any given 01, any
deviation to (f4,a) with @ > a(f4) is dominated by a deviation on G. A symmetric argument
holds for a < a(64).
We claim that for any 0 that the agent is contemplating announcing with a > a(é), the agent
is better off by modifying his deviation so as to slightly raise 0 from 6. To see this, note that
by Lemma 9, o and hence v are continuously differentiable in 8. But then, IC4 holds and so,
[ ve(x,0) f(x|a(f))dz = 0. Thus, since vy has sign pattern —/+ by hypothesis,

=
UY—
U
8
Y
=

[wte sl = [ vote, )5 (ela@) 100
where we have used MLRP, a > a(é), and Beesack’s inequality. Thus, the agent’s expected utility
is increasing in 6 at (6, ).

Hence, if there is a  such that a(f) = a, then the agent is better off with deviation (6, d) € G.
And, since « is continuous, there is such a 0 unless a > a(#). So, finally, assume that a > a(6).
Then, by the previous paragraph, O prefers (6,a) to (64,a). But, since [vf is concave in a, and
by ICy g, 0 prefers (0, a(6)) € G to (6,a). Since c is submodular, this holds a fortiori for 67. O

Now let us consider the possibility of jumps in the action schedule. Such jumps are eco-
nomically reasonable if, for example, the principal is constrained to a finite set of compensation
schemes. To generalize Theorem 6 to this case, we need a regularity assumption. A menu («,v) is
reqular if (i) everywhere that « is differentiable in 0, so is v; and (#4) for all 8, there are o(-,6) and
v(+,0) such that as € | 0, v(-,8 + ¢) converges uniformly to v and v(-,0 — €) converges uniformly

to v. This is more than we need, but simplifies the exposition.

Theorem 7 Let (a,v) be reqular and satisfy ICym and ICg. Also, assume v satisfies SCC, and

[vf is concave in a for each . Then (a,v) is feasible in P.

Proof We proceed in several steps.
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STEP 1. As before, IR holds, and we can fix 7, and consider @ > «(64), with the other case
symmetric. As in the proof of Step 2 of Theorem 4, we can also take 67 > 64. Our goal is to

show that the agent is better off with some element of G.

STEP 2. For any 6 with a > «(f), let us show that the agent is better off to raise his announcement
slightly. Where v is differentiable in 6 at 6, this is as before. So, consider a jump point 6; with
endpoints a; and ap, and where a > aj,. Letting S be the associated surplus function to («,v),

we claim
/ 3(2,0,)f (zlan)dz — clan, 8,) = S(0,) and / (2, 0,) fu(zlan)dz — calan,0,) =0 (22)

and similarly at ;. To see the first equality, note that by definition, [wv(z,0)f(z|a(0))dx —
c(a(f),0) = S(0) for all § > 65, and then use the definitions of aj, and o, uniform convergence
of v(-,0) to v(-,05) as 0 | 07, and continuity of S. The second equality similarly follows from
ICwnH.

It is thus enough to show that

/(v(a:,HJ) —v(z,0y)) f(zlap)dz > 0, (23)

for then, since v(+,607) —v(-,0;) has sign pattern —/+, and since f(-|a)/f(-|ap) is increasing in z,
we have by Lemma 12 that [ (v(z,0;) — v(x,0;)) f(z|a)dz > 0. Thus, the agent is again better
off to raise the report of his type from just below 0; to just above it. To show (23), note that

/v(m,GJ)f(:v|ah)dx —c(ap,0y) = S(0y) = /U(% 0.)f (zlar)dz — c(ar, 0.7)
> / v, 07) f (wlan)dz — c(an, 0.),

where the first two equalities use the first part of (22), and the inequality uses the second part of

(22) and concavity of [vf in a. Comparing the outer terms and cancelling c(ap, 65) gives (23).

STEP 3. As in the proof of Theorem 6, if @ > a(f), then, using Step 2, the agent is better off
with a deviation to (8, a(f)).

STEP 4. Let us now complete the proof. If there is a 6 such that a(é) = @, then by Step 2,
the agent is better off with deviation (6, «(6)) € G, and we are done. Suppose instead that for
some 67 there is a jump at 6 such that a € [a;, ap]. Assume first that 6; > 6. Then, by Step
2, and using that by Step 1, 07 > 64, we have [v(z,07)f(z|a)dz > [v(z,04)f(z|a)dz, and so
type O prefers the deviation (07,a) to (04,a). But, by concavity of [vf in a, (07, (07)) is
better still and we are back on G. So, assume 6; < p. Define s; = [v(z,04)f(z|a)dx — c(a, 0r),
s = [v(z,0))f(z|a)dx — c(a,0r), s3 = [v(x,05)f(z|an)dx — c(ap, O7), and sy = S(07). These
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Figure 12: SCC. Under SCC, a deviation by 07 to ¢; is dominated by one to g2. But that
deviation in turn is dominated by a deviation to g3 and, since ¢3 is on locus, it is dominated by
telling the truth and taking the recommended action at point gq.

are the expected utilities for type 0 at the points ¢;, i = 1,2,3,4, in Figure 12, where gs reflects
a limit from the left, and g3 from the right.

By Lemma 2 and (22), we have s4 > s3, while by Step 2, s > s1. It remains only to show
that s3 > s9. Note that

/U(xaeJ)f(ﬂf|ah)d$ —clapn,05) = S(0,) = /v($,9J)f($|az)d$ —c(ag, 05)
> /v(a:,HJ)f(:c|&)d:c —c(a,8y)

where the two equalities follow from the first part of (22) and the inequality by the second part
(22) and by concavity of [vf in a. But then, since f7 > 6; and since ¢ is submodular,

o = /a(m, 0,)f (zlan)dz — clap, 07) > /u(:c, 0,)f (2|a)dz — c(a, 07) = s,
and we are done. Thus, the agent is better off at g4 € G than at ¢;, and we are done. [l

6.3 Common Values

Let us now consider the common-values case in which the type of the agent directly enters the

conditional density of the signal. The next assumption imposes further conditions on f.
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Assumption 8 Each of f,/f and fo/f is increasing in x, with Fuy < 0.
The following is an example that satisfies Assumption 8.

Example 1 Let g be a continuous parametrized family of densities on [z,T] satisfying strict
MLRP, where for each a € [0,1], g(-|a) is strictly increasing, and where g(z|-) is bounded away

from zero. Let r be a continuous strictly positive function on |x,T], and define
f(zla,0) = T

Let § be such that (fo/f)0 +1 > 0 for all (z,a,0) with 6 € [0,0].1° Then, Assumption 8
holds. To see this, note that since log f = logr + f0logg — logfrge, we have fo/f = logg —

([rg’(ogg)/ [rg?), and so (fo/ f)x = gu/g > 0. Similarly, fo/f = (094/9)—(0 [ 79" ga/ [ 79°),
and 50 (fuo/f)e = 0(ga/g)s > 0 for 6 € (0,0] since g satisfies strict MLRP by assumption. It
remains to show that Fog < 0. But,

s )l [ )
fa—f9<g frgg>—f9 i o) = go (% —n).

where v = [(ga/9)f. Note that vo = [(94/9)fo = [(9a/9)x(—Fp) > 0, where the inequality
follows using that g satisfies strict MLRP, and that since fo/f is strictly increasing, —Fp > 0 on

(z,). Now,
o () (5) )

To show that Fup < 0, it is enough to show that fu9(-|a,0) single-crosses zero from below, using
that Fug(zla,0) = [7 faeds, and that Fug(zla,0) = Fue(zla,0) = 0. But, since v > 0, and since
by assumption (fo/f)0+1 > 0, it follows that at any point where fq9(s|a,d) =0, both (fo/f)0+1

and (ga/g) — 7 are positive and strictly increasing in x, and the result follows.

Note that except for the presence of 8 in f, the first-order conditions ICy;y and IC4 are the
same. But, now S'(0) = [v(x,0) fo(z|a(0),0)dz — cp(a(8),0), since as the agent’s type changes,

there is a direct effect through fy. This in hand, we generalize Theorem 6 to this case.

Proposition 4 Let FOP and Assumption 8 hold, let («,S) solve Pp, and let (o, v) be its asso-
ciated menu. If v satisfies SCC, then (a,v) solves P.

Define the expected utility to type 6 for compensation scheme v and action a, given a and ©
as U(0,a,0) = [0(z)f(z|a,0)dx —c(a,b). Note that U, = [0 fq—cq = | 92(—Fa) — ¢q, and hence

if ¢ is increasing, then Uyp = [ 95(—Fag) — cap > 0 since F,g < 0, and since ¢ is submodular.

10Such a @ > 0 exists since the expression is strictly positive at # = 0, z and a come from compact sets, and fa/f
is continuous.
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Lemma 13 Let (o, v) solve Pp, and let v satisfy SCC. Let S(07,0) = U(07, (0),v(-,0)) be the
value to type Or of imitating 6°s action and announcement. Then, S’(HT, \) is single-peaked at Op

for all Op.

Proof By the analogue to Lemma 9, o and v are continuously differentiable. To show single-
peakedness, it is enough to show that for 0 < O, S’é(HT,é) > 0, where the case 6 > Op is
symmetric.

Choose 6 < 6p. Then,

Sé(eTv é) = /UH(x7é)f(x’a(é)79T)d$ + a/<é)Ua(9T7 O‘(é)v 1)(-, é))

By ICjy, fvg(a:,é)f(x]a( ),0)dz = 0, and so, since f(-|a(0),07)/f(-|a(0),0) is increasing, and
since vg is —/+, the first term on the rhs is positive using Beesack’s Inequality. The second term
is positive using that o/ > 0, that U, (0, (6), v(-,0)) = 0, and that Uy > 0. O

Proof of Proposition 4 Consider a type 67, and deviation (é, a). We focus on the case where
6 < 07, and then appeal to symmetry. Given Lemma 13, the key, as before, is to show that there
is (0, a(0)) € G that O prefers to (6, a).

Assume first that @ < «(6). Then, since U, (0, (6), v(-,8)) = 0, it follows from FOP that for
any a € [a,a(0)], Us(8,a,v(-,0)) > 0, and so, since Uyg > 0, the deviation (6, ) is dominated for
O by (0,(0)) € G.

Assume next that a > a(é). We will show that, holding fixed a, type Or is better off to
increase his announced type until he reaches either the graph or 7. In the latter case, using
ICy g and FOP, (01, a(f7)) is better still.

So, consider, any § < 67 at which @ > a(f). Using the analogue to Lemma 9, [ vg(z, ) f(z|a(8),0)dx =
0. Let us show that [ vp(z, 0)f(x|a,6r)dx > 0. Since vg is —/+ by assumption, and using Bee-
sack’s Inequality, it is enough that

I tr)__faltlr) f(eio@.0r)
[(@la0),6) ~ f(xla(0),6r) f(ala(0).5)

increases in x. But, since each of f,/f and fy/f are increasing in x, f(x|a,07)/f(x|a(f),0) is the

product of positive increasing functions, and so is increasing, and we are done. O
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6.4 Optimal Exclusion

For any 0., let &(-,0.) and g(, 6.) be defined on [f,, 0] by

[4
((-,6c), 5 8c)) = argfg%/ (B(a(8)) — C(a(8),5(6),0)) h(6)do

0
st S(0) =1 — / cola(r), 7)dr ¥ 0 > 0.,
Oc

noting that relative to Pp, we have replaced S() = @ by S(6.) = . This is the unique solution

to the principal’s relaxed problem subject to excluding types below 8.

Proposition 5 Assume decoupling is valid, and that C(-,-,0) is convex for each 0.1 Interior
cutoff level 0. is optimal only if B— C = (—cp/h) feec Cuoh, evaluated at 6. and (a(-,0.),S(-,0.)).
If (—cp/h) is decreasing in 6 and Cy,q > 0, then this condition is sufficient as well.

At the optimal cutoff, B — C is strictly positive. Necessity is both simple and intuitive.
The direct benefit of adding types near 8 is given by the lhs of the equation. The rhs reflects
that including additional types increases the information rent paid to types above the cutoff.
Sufficiency is more involved. They key is that the convexity of C(-,-,#) implies that profits are

strictly quasiconcave in the cutoff.

Proof of Proposition 5 Extend & to have domain [6, 8] by taking &(6, 6.) = &(6., 0.) for 6 < 0.
Let 5(9 0.,0%) = u — f0 co(&(T,0%),7)dT be the surplus the agent receives if the principal uses
action schedule &(-, 0*), but excludes types below 6.. The value to the principal of choosing cut-off

0. but implementing action schedule 6* is then

0
Z(0.,0") = / (B(&(H,G*))—C(&(G,H*),S(G,QC,Q*),0)> h(6)do.

To see necessity, differentiate Z(f,,6,.), noting that Sp_(6,8.,0*) = co(é(be,6*),6.), and that
Zp+ (0., 0")

g+—g, — 0 by the Envelope Theorem to obtain
(Z(@C, 0c))o. = — (B( A(ew 0c)) — C(a(bc,0c),u, 0 )h(HC)

— co(a(8e,6,), / Cluo (@(6,6.),5(0,6.,6.),0)h(0)db.
0c

Setting this equal to zero and rearranging yields the claimed necessary condition.

For sufficiency, let us show that if (—cy/h) is decreasing in 6 and Cy,, > 0, then Z(0.,0.) is

1See Online Appendix, Section 1 for a discussion and primitives.
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strictly quasiconcave in 6.. But, by (6.4),

0 0
(Z(0e,0:))0.0. = < (By — Ca) h — cea/ Cuoh) (@)g, + Coh— (B—C)h' — 099/ Cuoh
0 c

c

0
+ coClugh — 09/ (cuo(a(e,ec),5(0,90,90),9))0 h(6)do
0c

c

The first term is zero using the FOC with respect to the implemented action at .. It is immediate
that Cyh < 0, and cgCyoh < 0. And, where (2), = 0, B — C = —(cg/h) [; Cuph from the

necessary condition, and so

0 0 g B
o (B o C) h' - C99/ Cuoh‘ = 09/ Cuoh n — 099/ Cuoh =s ﬂ <0
0c h Jo, 0, h ),

by assumption. So, to show that Z(0.,0.) is strictly quasiconcave in 6., and since —cg > 0, it
would be sufficient to show k(6.) < 0, where

k(0) = /9 ’ (cuo(d(T, 9.), S(r, 90,90),7))9 h(r)dr.

c

We will in fact show that k(f) < 0 for all § € [6,,6]. Since k() = 0, it is enough that whenever

k> 0,k >0. But, ¥ =5 —(Cy,(&(0,0.),5(6,0.,0.),0)),, and it suffices that
Cuuga®9,(0,0¢) + Cuguy (S(0,0c,0.))g, < 0.

Let us first show that (S(6, 6., 0.))s, < 0. Fix any 8 > 6. Then, we claim that S(-, g, 0x) <
S’(', 0r,01). To see this, note first that

- 2% ~
S(QH,QH,HH) =u<u —/ Co (& (T,@L) ,T) dr = S(@H,QL,QL).
0r,

So, assume that at some point 8, S(0, 0, 05) = S(0,0r,0r) = @. Then, we claim, (&(-,0x), S(-, 0, 05))
0,

and (&(-,0z),5(-,0r,01)) coincide for all # > 6. In particular, each must on | equal the

(unique) solution to

0

o [, (8- O
0

st S(0) = ii— /6 cola(r), 7)dr,

since otherwise one could paste this solution together with the relevant solution below g for a
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strict increase in profits. Hence, S(-,0y,0y) < S(-,0z,61) and so (S(8, 6., 0.))s. < 0.
Now, from the optimality of &(-,6.), we have that for all 6,

Ba(&(8,6.)) — Ca(a(8,6.),5(8, 6., 6.),0) =

1 -

0
_ }l(e)ca(a(d(@,ﬁc)ﬁ)/g Cyo (6 (7,6,),8(7,0.,0.), 7)h () dr,

and hence, differentiating by 6., and recalling that B,, = 0,

1 J 1
<_Caa + hcaae/ Cug) OA‘OC (97 90) = Cauo (S(@, eca ec))ec - ﬁcaek’ (9)
0

and so, since k() > 0 by assumption,

1 o -
<_Caa + hcaae/e Cuo> dQC (97 96) > Cauo (5(979& GC))Gc

and so, since the term in the large parentheses is strictly negative,

Cauy
1 0
—Claa + % Caab fg Cuy

(5(6,6.,6.))p. < Claug

@96(9,90) < =T

(S’(0> 967 96))95

where we use that c,q9 < 0, and that (5(9, 0c,0c))0. < 0. But then, since Cy,q > 0, we have

~ Cau ~
Cuoaé@c (97 ac) + Cuoug (5(97 007 00))9(: < <Ou0ac,0 + Cugug) (S(a’ 907 HC)GC S 07

where the inequality follows since the bracketed term is positive by the convexity of C' in a and
ug, and we are done. O
6.5 Random Mechanisms

Consider a setting in which first the agent announces a type, and then, based on the announce-
ment, the principal randomizes over pairs (a, 0) consisting of a compensation scheme and recom-
mended action. The agent needs to be willing to report his type honestly given the lottery he

faces, and to follow the recommended action for each realized pair (a,?).

Proposition 6 Let C(-,-,0) be convex for each 0, and assume decoupling is valid. Then, the

solution (o, v) associated with Pp remains optimal even if randomization is allowed.

The key to the proof is to consider any randomized solution to the relaxed screening problem

Pp. Now, replace actions by their expectations. Because —cy is convex in effort, this menu
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requires less surplus to be given to the agent than the surplus in the randomized mechanism.
And, since B — C is concave, replacing actions and surplus by their expectations raises the value

of the objective function.

Proof of Proposition 6 A randomized mechanism is a map o that for each 6 generates a
distribution o(-|@) over triples (a, $,v) consisting of a recommended action @, a surplus §, and a
compensation scheme 0, where § = [ () f(z|a)dz — c¢(a, ) with probability one, and subject to
the incentive constraints discussed. Let Vppg (full-random) be the value of this program.

Note that among the incentive constraints is that for each announced type, and for each v,
the agent should not want to vary his action from the recommended one. Hence, for each 6, and
with o-probability one,

/ o(0(2)) f (zla)dz > C(a, 3,6).

Also, an agent should not want to locally lie about their type and then follow the recommended
action for the announced type. Hence, letting S (0) = [ 8do(a, 8,0]0) be the equilibrium surplus
of type 0 in the randomized mechanism, and recalling that 8 enters § only through ¢, we have by

the envelope theorem that
36) = [ (~eola.0)doa.s,000)

But then, Vpg is at most equal to Vg (relaxed-random) where Vgp is defined by
Vien — max / ( / (B(a) — C(a, 5,0)) da(a,g,@w)) h(0)do
“w

s.t./§da(d,§,@|9) =i+ /: (/(—ce(d,T))da(&,.§,ﬁ|¢9)> dr.

Let Vrp (relaxed-deterministic) be the value of Pp, in which menus are restricted to be de-
terministic. We claim Vrp = Vgrg. To see this, let ¢* be optimal in the relaxed-random program.
Let a*(0) = [ado*(a,$,0|0), S*(0) = [ 8do*(a, $,0]0), and S*™(0) = u + fea(—CQ(a*(T),T))dT.

Since —cg is convex in a (recall c4qp < 0), we have
S5 = —co(a™(6),0) < /<—c@(a, 6))do™ (a, 5, 9(0) = S,

and so, since S**(0) = S*(0) = u, we have S** < S*. But then, since B — C'is concave in (a, up),
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and decreasing in uo,

Vg = / (/(B(d) — C(a, 5,0))do*(a, g,@w)) h(0)do
< / (B(a*(8)) — C(a*(6), S*(6), 0))h(0)do

< /(B(a*(9)) — C(a™(0),57(0),0))h(0)d0

< VD,

where the last inequality follows since by construction (a*,S**) is feasible in the relaxed deter-
ministic problem. So, Vrpr < Vgp, and thus if the solution to the relaxed deterministic program

is feasible, then it is in fact optimal even if randomization is allowed. O

6.6 Analysis of Social Planner’s Problem

Our techniques apply beyond our profit-maximizing principal. As an example, consider a social
planner who cares about both the firm and the members of society.'? For example, the planner
may be designing a tax code that raises and redistributes income, and also affects effort incentives.

To model such a situation, reinterpret the agent as a continuum of agents of different types
with density h, and assume that B — C reflects the profits of a firm on any given agent. The social
planner cares about the total surplus, [ Sh, of the members of society with weight 1—7, and on the
total profits of the firm, [(B—C)h, with weight .!® The planner faces participation constraint for
the firm that [(B — C)h > K for some exogenously given K. Agents have outside option %, and
their types and actions remain hidden. For simplicity, we work in the linear probability setting.
The case n = 1 is our original monopolist’s problem. When n = 0, the planner has production
technology B and utilitarian preferences over the utility of the agents, with K reflecting the other
spending needs of the planner net of her outside resources.

The critical realization is that the difficult part of this problem—an agent can both misrepresent
their ability, and then choose any effort level-is unaffected by the change in the objective function.
Hence, in the linear setting, IMC remains necessary and sufficient for a solution to the relaxed
program to induce a feasible solution in the full problem. Because of this, the planner will

optimally choose to use a menu of Holmstrom-Mirrlees contracts, and we can characterize the

12Many other objective functions are also amenable to what follows.
13The form of this integral embeds a separability assumption on the firm’s profits across agents.
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problem of the planner as

rg%xn/(B—C)h—l—(l—n)/Sh (Ps)

st./(B—C)hZK, S0) > u, S"=—cy V0, and IMC,

where the second two constraints weaken ICs to recognize that I R may not bind at 6.

Signing the distortions to effort in our society will depend on the condition that C,, (a(-), S(+), )
is strictly increasing, so that it is more expensive to give extra utility to those who are better
off."* Recall from Theorem 5 that for a given interval [01,602], ¢(6) = 0 for 6 < 61, ¢(0) =
fe —Ca8/Caa) d7 for 6 € [01, 6], and ¢(0 fe —Ca8/Caq) dT for 6 > 05.

Theorem 8 (Social Planner) Let FOP hold, let F,, = 0, let C(-,-,0) be strictly convez, let
Cuo(a(+),S(),) be strictly increasing, and let 61 < 6 be such that IMC is slack immediately to
the left of 01 and right of 6. Then,

/{:2 (Ba — Ca) C;h > / (cuo - /Cuoh> ¢h > 0. (24)

If S(8) > u at the optimum, then the weak inequality is an equality, and anywhere that IMC is

_ 0
B, —C, = —0 / (cuo - / C’uoh> h. (25)
hJo

Thus, in the same average sense as in Theorem 5, effort is distorted downward, and it is
distorted downward pointwise where both S(6) > @ and IMC is slack. To see the intuition for

(24), consider the perturbation in the proof of Theorem 5, in which one lowers the effort of types

slack,

in an interval so as to lower their marginal cost of effort by a constant. In addition, move utility
between the firm and all agents uniformly so as to return the firm to its original profit level,
hence assuring that [(B — C)h > K remains satisfied. When the action is lowered on [61,65],
society becomes more equal. This raises the utility of the lowest type and hence IR continues
to hold. The resulting redistribution of surplus from the well-off to the less well-off saves money,
since in particular, Cy, — [ Cyyh is the cost of moving a util from society in general to 6, and
¢ is increasing and thus primarily increases surplus for the already well-off. So, for optimality,
lowering effort on this interval must lower total output, and we have (24). If S(0) > @ is not
binding at the optimum, as will hold if either u is low (people simply cannot leave the society) or
if society is rich enough, then the perturbation is feasible in both directions, and (24) holds with
equality.'® Equation (25) follows where IMC is slack.

14 The complexity is that while higher types are paid more on average, for sufficiently low output levels they are
paid less than if they had announced a lower type. -
5The claim about a rich society follows because ¢y is bounded, and thus so is S(f) — S(6). Hence, if the average
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If (25) holds globally, then the planner optimally penalizes effort for all types except the
extremes. But, unlike the monopolist, she does so to achieve a more egalitarian outcome subject
to the “resource constraint” represented by K, and so one with higher average utility. The planner
also utilizes the (moral-hazard constrained) efficient effort level at both extremes of types.' This
is intuitive, since the reallocation of income from those below 6 to those above 6 is vacuous at
each extreme, and more generally, when 6 is close to either extreme, changing the relative utility
of types below and above # involves moving less and less money around. This generalizes a result
in the optimal taxation literature (see Seade (1977), and Salanie (2011) for a good summary).

Before proving the theorem, let us discuss the monotonicity assumption on C,,. Consider first
the two-outcome case, where at any given 0, C,,, = ), + (1 — o)), with vy, = S+ c+ (1 — @) cq,
and vy = S+c—ac,, and so, since Sy —cp =0, (vp)y = (1 — @) (cq)y and vy = —av(cq),y. But then,

(Cuplg = ' (¢, — 1) +a (1 =) (ca)g (¥ — ¢)

where the first term is strictly positive since ¢ is strictly convex, and the second term is positive,

> 0. So, for the two outcome case,

since p is concave, which one can show is equivalent to ¢
Cy, 1s indeed strictly increasing in 6.

More generally, since Cy,(a(6),5(0),0) = [¢'(v(0,x))f(x|a(f))dz is an identity, we have
(Cup)o = [ ¢ fa+ [¢"vgf. The first term reflects that higher types exert higher effort and
so are more likely to attain higher outcomes. It is bounded strictly above zero, using IMC, that

" is constant, and so, since

 is strictly convex, and strict M LRP. For the square-root case, ¢
[ vgf =0, the second term disappears, [vgf = 0, and so we are again done.

More informally, when wu is “close” enough to square root, the second term will be small, and
we will have C,, strictly increasing. Finally, in our society, utility gaps are bounded uniformly
from top to bottom, since ¢y is bounded. So, if society is rich enough—either because K is small
or B is large—then all members of society will be quite well-off. But then, as formalized in Section
VIL.B, under mild conditions, ¢” will again be close to constant over the relevant ranges, the

relevant integral will be small, and we again have C,,, strictly increasing.!”

Proof of Theorem 8 Modify the perturbation from the proof of Theorem 5 so that any change
in profit to the firm is redistributed in utility-equivalent terms to the agents. That is, S(6;¢)

equals s(g), where

/ <B(oz(9;5)) —C <a(9; £), s(e) — /: co (a(rie),7)dr, 9)) h= /(B —O)h,

member of society is well off, so is the least well-off.

18Tndeed, note that the integral in (25) is single-peaked and zero at the extremes.

1"What stands in the way of a fully general result is that beyond the two outcome case, vy need not have tidy
crossing properties, especially over over ironed regions, since ¢, is unchanging, but [ is changing with a.
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with the rhs evaluated at the candidate solution, and where we thus have

S (0) = fCluoh (/:Z(Ba - C’a)ciah - /cuo¢h) . (26)

Since the firm’s profit is unaffected, the rate of change in the objective function with respect to

¢ is thus, for n < 1,

([ )

s"(0) —i—/(bh (27)

[t en fe)o

where [ (C’uo — [ Cy, h) ¢h > 0 by Lemma 12, since (), is strictly increasing, ¢ is increasing and
not everywhere constant, and [ (Cy, — [ Cyoh) h = 0.

Assume by contradiction that faef(Ba — C’a)éh < [(Cyy — [ Cugh)ph. Then, since [ Cy,h
and ¢ are both positive, and from (26), we have s'(0) < 0, so that for £ small but negative,
IR holds and the perturbation is feasible. But, from (27), this deviation is strictly profitable,

a contradiction.'® If IR does not bind, then the perturbation is also feasible for & small and

e=0

positive, and so the weak inequality in (24) must be an equality.
The proof of (25) follows as before, by noting that the inequality in (24) is an equality on a
neighborhood, differentiating on both sides with respect to 62, using that for 6 < 6, ¢, = 0,

while for for 0 > 0a, ¢y, is —cag/cCaa evaluated at 63, and rearranging. O

As for the profit maximizing principal case (Footnote 9), our societal optimum cannot in
general be implemented without the announcement or menu phase of the mechanism. Hence, for
example, in an optimal tax code, people of different abilities will be selected into different tax
schemes mapping gross into net incomes. It is intriguing to think about how such a tax code
would be implemented, since the announcement of type must occur prior to the choice of effort,

and so, for example, at the beginning of one’s career.

7 Existence and Differentiability in the Moral Hazard Problem

Let W be the domain of the utility function, an interval with infimum w and supremum w. Let
v = limy, . u(w), and let 0 = lim,, . u(w). Let € be the set of (a,up, ) such that the relaxed
moral hazard problem in Section Pjsp admits a solution © where v(z) > v and 0(z) < v. If we
let 7 = limy, . (1/0/(w)), and 7 = limy,,(1/4/(w)), then it is easy to show that o(x) > v if and

only if A+ pl(z|a) > 7 for the associated Lagrange multipliers, and similarly, that 0(Z) < v if and

1811 the case i = 1, the perturbed solution has IR strictly slack, and so the firm can lower surplus to all types
for a strict increase in profits.
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only if A + pl(z|a) < 7.

Lemma 14 The set £ is open. The multipliers A and p are twice continuously differentiable

functions of (a,up,8) on . Hence, so are the functions v and C'.

Proof Let
A 9
G(\, p, a,ug, 0) = g1(\, p, a, uo, 0) |
g2(>\7/">aau0,0)

where
(O i,0,6) = [ o0+ pl(ela)) f(ola)d = c(a,6) ~ wo

g2 (A, i, a,ug, 0) = /p()\ + pl(z|a)) fo(zla)dz — cq(a, 0).

Let (a%,ud, 0°) € £, let A? and 11° be the associated Lagrange multipliers, and let k% = (A%, %, a% v, 6°).
Then, G(k") = 0, and by definition of &, \° + ull(x|a®) > 7, and A\ + p°1(z|a®) < 7. We need
to show that A and p are implicitly defined as C! functions of (a,ug,6) on a neighborhood of
(a%,ud,0%). Since A + pl(z|a) and A\ + ul(Z|a) are continuous in (A, u,a), it would follow from
this that £ is open. We proceed in several steps. Let ¢» map 1/« into money, that is, 1 solves

1/u/(1(7)) = 7. Then we can write p as p(7) = u(¢(7)).

STEP 1. We first show that gy exists at 7, and is equal to [ /(A + u®l(z]a®)) f(z]a®)dz. To
show this, we must first show that it is valid to differentiate under the integral. This requires
that p(A+ pl(z]a)) f(z|a) be integrable. Since f is continuous on the compact interval [z, Z], it is
bounded, and so it is enough to show that |p(\ + pl(z|a))| is bounded. But,

P\ + ul(a]a)) < p(A° + p0l(z]a?)) < oo,

where we use that A° 4+ p01(Z|a") < 7 by hypothesis, and similarly, p(A + pl(z|a)) > p(A\° +
pPl(z|a®)) > oo, and we are done. Another requirement for passing the derivative through the
integral is that p/(A° + p%l(z|a®))f(x|a®) is bounded above by an integrable function on some
neighborhood of (A%, u?,a%). To see this, choose § and ¢ such that 7 < § < A° + 1%(z|a®) and
X0+ 101(z|a®) < 6 < 7. Then, since A + pl(z|a) and X + pl(Z|a) are continuous in (X, i, a), there
is a neighborhood N of (A%, 1, a®) such that § < p(A + pl(z|a)) < p(A + ul(Z]a)) < § on N. But
then, for all , and everywhere on N, p'(A + pl(z|a)) < max, g5 5 p'(T) < 0o, where the second
inequality follows since p is continuously differentiable (with p/(7) = ((u/)3/ —u")(x(7))) and [4, J]
is compact. By Corollary 5.9 in Bartle (1966) (and Billingsley (1995), problem 16.5), we can pass

the derivative through the integral and this provides an expression for gj .

STEP 2. g1\ = [ p' (A +pl(z]a)) f(z]a)dz is itself continuous in (A, u, a) at (A%, u%, a®). This follows
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since A + pl(x|a) is, under our conditions, uniformly continuous in (A, u,a), and p’ is uniformly

continuous in its argument on [4, 6].

STEP 3. By similar arguments, g1, g1a; 92, g2u, and ga, are defined as the integral of the
relevant derivative, and are continuous. Finally, g;p and g;,, are trivially continuous. Hence, G is
continuously differentiable on a neighborhood of x°. Then G is twice continuously differentiable,

noting in specific that

pl(r) =

u/ ul/

( u/)?) u// u///
—u" [

3 - 2w,

and so since u is C3, p” is continuous on the compact interval [d, 5], and hence it is bounded.

STEP 4. By Jewitt, Kadan, and Swinkels (2008), VG(x") # 0. Hence, by the Implicit Func-
tion Theorem for C* functions (Fiacco (1983), Theorem 2.4.1), A and ju are twice continuously

differentiable functions of (a,up, #) in a neighborhood of (a’, ud, 89).

STEP 5. Since o(x,a,up,0) = p(A + pl(xz|a)) for all (x,a,up,d), it follows that 0 is twice-
continuously differentiable, and thus so is C, since C(a,ug,0) = [ p(0(z,a,uo,0)) f(z|a)dz. O

The reader may wonder at the level of detail displayed in this proof. To see that there is
something to prove, consider u = logw. Then (see Moroni and Swinkels (2014) for details), it
is easy to exhibit first, combinations of c¢,, ¢, and ug for which no optimal contract exists, and
second, combinations of ¢, ¢, and g for which the optimal contract has v(z) = —oo, and at which

the relevant integrals cease to be continuous (let alone differentiable) in the relevant parameters.

In the text we have assumed that we can exchange differentiation and integration when dif-

ferentiating [ vf with respect to # and a. This can be justified as follows:

Lemma 15 Let (a(6°),S(0°),60°) € . Then, for all a, [v(x,0)f(x|a)dz is differentiable in 0 at
60, with
5 [ o0l = [ (e, sy,

and similarly, [v(z,0°)f(z|a)dz is differentiable in a at a, with
9 0 0
% v(x,0°) f(zla)de = [ v(x,0")fu(x]|a)dx.
a

Proof We will show the result for the case of differentiation by 6 since the other case is similar.

We must show first that v(x,8°) f(z|a) is integrable. This follows as before since
[o(,6%)] < max (|o(, 6%)], [v(z, 6°)]) < oc.

Next we show that, under decoupling, vy exists and it is uniformly bounded. To see this, note
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first that v(x,0) = p(A(0) + p(0)l(x|a(f))) and so
vo(x,0) = p'(A(0) + p(0)I(x|c(0))) (N (0) + 1/ (0)1(](0)) + 1(0)la(]cx(0)) (0))-

As before, let 7 < § < A%+ uCl(z]a®), and let \°+ u°1(Z]a") < § < 7. Since « is continuous, for all
¢ sufficiently close to 609, A\(0) + p(0)l(x|a(0)) € [4,6], and so, as before, p'(A(0) + u(0)l(z]a(0)))
is uniformly bounded on a neighborhood of #°. Also, since a and S are C', \(#) and p(6) are
continuously differentiable on some neighborhood of #°. But then, since [ and [, are uniformly
bounded, we can also uniformly bound (N (8)+p/(8)1(z|a(8))+u(0)la(z|a(f))a’ (9)) on the relevant
neighborhood. It follows that vg is uniformly bounded on the neighborhood, and the lemma follows
from Bartle (1966), Corollary 5.9. O

Finally, we need to know that («a(#),S(6),0) € € for all §. By Moroni and Swinkels (2014),

one set of conditions is given by the following lemma.

Lemma 16 Assume that w =79 =00, w=v = —00, 7 =0, and T = co. Then, for all (a,ug,0),
(a,up,0) € €.
Proof Direct from Moroni and Swinkels (2014). O

This lemma, however, does not cover important cases such as u = logw or u = y/w, because

in each case, w = 0 > —oo. Our next lemma covers u = y/w, but not u = logw.

Lemma 17 Let w = v = oo, w = 0, and T = oo. Assume further that p/'(7)7 is increasing and
diverges in 7. Then, there is a threshold i such that for all u > 4, («(0),S(0),0) € € for all 6.

Proof For any given a, and p > 0, let i(u,a) = [ p(u(l(z]a) — l(z]a))) fa(x]a)dz. Note that

i(p, a) = /P'(u(l(ivla) — l(z]a)))plz(2|a)(—Fa(x]a))dz

1 / —Uzla zla) — l(z]a zla)(—Fy(z|a))dx
:/l(fn|a)—l(fc|a)[p (u(l(zfa) = (z]a)))u(l(z|a) — U(z]a))]l(z]a)(—Fa(z|a))dz,

and so, since p'(7)7 is increasing in 7, it follows that the bracketed term, and hence i(-,a), is

increasing in u. Let m = min, [(Z|a) — I(z|a) > 0, and let

o=— min lz(z]a)Fy(z|a) > 0.
{(@a)| g <U(zla)-U(z]a)< P }
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o' (u(l(z|a) — l(z]a)))p(l(z|a) — I(z|a)) el
>/{I|m<1( la)—1(z]a)<3m } [(z]a) - (z]a) l(z|a)(—F,(x|a))d

4o

. P (u((xle) = U(z]a) p(z]a) — (z|a))de

e J{al g <i(xla)—i(zla)< 3 }

4o m\ m 4o m my m
> —p (p= ) p— de > — P o) s

3m ( 2 > 2 {x|%§l(w|a)—l(g\a)§7m} 3m 4max{x’a} lw (33|CL) < 2 ) 2

o f( MY m
3maxy, 411 (x\a)p (MQ)M2’

where the first inequality follows from the fact that the integrand is positive, the second from
I(z]a) — l(z]a) < 3m/4, the third from the monotonicity of p/(7)7, and the fourth by integration.
Note that the lower bound on i(u, a) thus obtained diverges in p. Hence, there exists fi such that
i(p, a) > cq(a,B) for all a, and p > 1. Let

@ = max / p(i1(x]a) — U(z]a))) f(]a)de < p (pmax(i(@la) - U(z]a))) < oo.

It follows from Proposition 1 of Moroni and Swinkels (2014), along with i(-,a) increasing, that
(a(0),5(0),0) € & for all 0 for any u > 4. In particular, at any 6, S(0) + c(«(0),0) > u >u. O

Finally, let us consider the case u = logw (for which p/(7)7 is identically 1, so the previous

result does not apply). Then, as in the proof of the previous lemma,

4o

i(p,a) > —— P (p(l(zla) — U(z]a))) p(l(z|a) — l(z|a))dz
3M J{ o2 <i(a|a)—I(za)< 22 }
_ o dr > 29 m —s
3m {x|%§l(w|a)—l(§\ )STW} - 3m4maxx,a ly (33|(L) -

and so, if we assume that c,(@, ) < s, then Proposition 1 of Moroni and Swinkels (2014) applies.
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